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Vladimir V. Kassandrov
(Institute of Gravitation and Cosmology
of People's Friendship University of Russia
E-mail: vkassansi.pfu.edu.ru)
We present the algebrodynamial approah to eld-partile theory based on a non-
linear generalization of the Cauhy-Riemann onditions to non-ommutative algebras of
quaternion-like type. For omplex quaternions the theory is Lorentz invariant and naturally
arries some gauge and twistor strutures. Point- and string-like singularities are onsid-
ered as partile-like formations; their eletri harge is self-quantized. A novel ausal
Minkowski geometry with additional phase is presented that is indued by the struture of
biquaternion algebra. On its bakground self-onsistent algebrai dynamis of singularities
(ensemble of dublions) is onsidered.
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1 On the ommutative and non-ommutative analysis and the algebrodynamis
History of disovery and investigation of exeptional algebras like quaternions or otonions,
as well as of numerous attempts to apply them for explanation of the struture of the
World, is highly dramati and and full of still unjustied hopes [1, 2℄. Bibliography on
appliations of quaternions in theoretial and mathematial physis during only XX entury
runs to thousands of artiles [3℄. Considerable part of them is devoted to the problem of
onstrution of quaternioni analysis whih in respet of the rihness of internal properties
and appliations an be omparable with omplex analysis. However, in opinion of the
majority of ontemporary mathematiians, this problem has not get its solution till now [4℄.
Meanwhile, the ommutative analysis, that is, the analysis for funtions taking values
in some assoiative ommutative algebra of nite dimension n ≥ 2 (not neessarily with
division), has been onstruted by G. Sheers as far as at the end of XIX entury [5℄ in full
analogy with the omplex analysis. At present it is used, in partiular, in the oneption of
polynumbers and related Finsler geometries developing in the works of D.G. Pavlov and his
group [6, 7℄. Generalization of this version of analysis to superalgebras has been realized in
the works of V.S. Vladimirov and I.V. Volovih [8℄.
Prinipal distintion of non-ommutative and ommutative ases has been noted by A.
Sudbery [9℄: non-ommutativity obliterates the dierene between an initial q and onju-
gated q∗ elements of algebra, making it possible to express them through eah other using
only onstant basi elements (units) of algebra. In partiular, for the algebra of Hamilton's
quaternions Q for any q ∈ Q one gets (see [2℄, p.121):
q∗ ≡ −
1
2
(q + I ∗ q ∗ I + J ∗ q ∗ J +K ∗ q ∗K), (1.1)
where I, J,K are the three imaginary units of the quaternion algebra. That is why the
denition, in analogy with the omplex ase, of a quaternioni analytial (quaternioni
1
holomorphi) funtion as that independent on the quaternioni onjugated argument, ap-
pears here to be senseless.
On the other hand, natural denition of the right (left) derivative F ′(Z) of a quater-
nioni funtion F (Z), F : Q 7→ Q:
F ′ = dF ∗ dZ−1 (F ′ = dZ−1 ∗ dF ) (1.2)
is also unprodutive, sine the requirement of existene and uniqueness of the limit (1.2)
(that is, of its independene on the path of onvergene to zero of the inrement dZ in the
E
4
-spae of the algebra Q) leads to a onsiderably over-determined system of PDE's whih
appears to be ompatible only for the trivial ase of a linear funtion (for details see, e.g.,
[9, 10℄). There exist also additional onsiderations whih onvine oneself in the diulty of
onstrution of quaternioni (and, generally, of non-ommutative) analysis (see, e.g., [11℄).
Nonetheless, numerous attempts to bypass these diulties have been undertaken of
whih most known is the oneption of Fueter [9, 11, 12℄. In many artiles onditions
of quaternioni analytiity (or their biquaternioni extension) have been formally writ-
ten down in the form of a linear system of equation of Maxwell-like type (together with
orrespondent wave equation as an expeted generalization of the 2D Laplae equation of
omplex analysis). All these attempts, however, annot, perhaps, be onsidered as a sues-
sive version of quaternioni analysis. As to the more ompliated problem of onstrution of
non-assoiative analysis, say, over the algebra of otonions, none approahes to its solution
are seen till now at all (nevertheless, see [10℄, setion 10).
Let us return now to the ase of ommutative analysis. Modern exposition of the above
presented approah of Sheers may be found, e.g., in the monograph [13℄. Therein, instead
of the denition of (invariant) derivative one exploits the requirement on the dierential
of a funtion of algebrai variable be represented in an invariant omponent-less form.
This makes it possible to expand the approah to all the (nite-dimensional) assoiative
ommutative algebras A inluding those with null divisors, in partiular to the algebras of
double and dual numbers.
Speially, let F (Z) be an A-valued funtion F : A 7→ A of algebrai variable Z ∈ A.
Sheers formulated ondition of its dierentiability in A as that of proportionality of linear
parts of the inrements (i.e., of dierentials) dZ, dF of the independent variable and the
funtion respetively:
dF = H(Z) ∗ dZ, (1.3)
where H ∈ A and (∗) denotes the operation of multipliation in A. For algebras with division
ondition (1.3) is evidently equivalent to that of existene and path-independene of the ra-
tio of inrements, i.e. of the derivativeH(Z) = dF ∗dZ−1 ≡ F ′(Z) and, in the partiular ase
of the algebra of omplex numbers C, immediately leads to the Cauhy-Riemann equations.
In general ase linear PDE's onneting partial derivatives of the omponents of F (Z) follow
from (1.3) after elimination of the omponents of H(Z) and are ompletely analogous to the
CR equations for the funtions of omplex variable. As a whole, the ommutative analysis
reated by Sheers in many aspets reprodues the 2D omplex one, so that a wide lass
of A-dierentiable funtions obeying ondition (1.3) and ontaining, in partiular, arbitrary
polynoms of A-variable an be onstruted.
2
Nonetheless, the transition from ommutative ase to the non-ommutative assoia-
tive algebras of quaternion type seems rather fasinating sine those algebras A, unlike the
ommutative ones, possess a wide group of ontinuous symmetries represented by internal
automorphisms
q 7→ a ∗ q ∗ a−1, a ∈ A, ∀q ∈ A, (1.4)
preserving the multipliation law in A. For algebra Q the automorphism group is known
to be 2:1 isomorphi to the group of 3D rotations SO(3) so that the exeptional group of
Hamilton's quaternions may be treated as the algebra of the Eulidean physial spae E
3
. Its
extension to the eld of omplex numbers  the algebra of biquaternions B  makes it possible
to ensure the transition to the 4D spae-time and to write down all the basi equations of
relativisti eld theory in a very ompat and beautiful form (see, e.g., [14℄). Finally,
the version of (bi)quaternioni analysis earlier suggested by the author and exposed in the
artile below, allows to obtain a nonlinear Lorentz-invariant generalization of the Cauhy-
Riemann equations and to built only on this base a self-onsistent eld-partile theory  the
so alled algebrodynamis. The artile is devoted to presentation of this (nonlinear) version
of non-ommutative analysis and to its realization in the framework of the algebrodynamial
approah.
2 Quaternioni dierentiability and onformal mappings
Corret way to generalize the approah of Sheers to quaternion-like algebras onsists, per-
haps, in the expliit aount of the property of non-ommutativity of the algebras like Q
in the very denition of a dierentiable funtion of Q-variable. Speially, we note that
in the right-hand part of the expression (1.3) one nds an invariant A-valued dierential 1-
form of the most general type whih an be onstruted using only operations in the algebra
A. Aording to these onsiderations, in the ase of a non-ommutative (but still assoia-
tive) algebra A, ondition (1.3) may be naturally modied into the following ondition of
A-dierentiability of a funtion F (Z) (see [10, 23℄ and referenes therein):
dF = L(Z) ∗ dZ ∗R(Z). (2.1)
Here L,R : A 7→ A are two the so alled semi-derivative funtions of F (Z), left and right
respetively. For a given F (Z) obeying (2.1) they are dened non-uniquely, up to a trans-
formation L → αL, R → α−1R in whih the funtion α(Z) takes values in the entre
(ommutative subalgebra) of the algebra A. Thus, aording to the denition (2.1), the
problem of determination of funtions dierentiable in a non-ommutative assoiative alge-
bra A is the problem of enumeration of all the triples of funtions {F (Z), L(Z), R(Z)} whih
satisfy the ondition (2.1) (up to the above mentioned α-equivalene of the semi-derivatives).
For ommutative algebras ondition (2.1) redues bak to (1.3) where now the deriva-
tive H(Z) is formed from semi-derivatives as H(Z) = L(Z) ∗ R(Z). On the other hand,
if in the general non-ommutative ase one takes, say, R(Z) = E (expeting the existene
of the unity element E in the algebra A onsidered), then he returns bak to the ondition
(1.3) with H(Z) = L(Z). However, as it was already notied, at least for the quaternion-like
algebras ondition (2.1) is too rigid, sine it an be satised only by linear funtions of the
3
form F = A ∗ Z +B with A,B being some onstant elements of algebra at study (see, e.g.,
[9, 15℄).
In general ase ondition of A-dierentiability (2.1) denes a wider lass of funtions.
In partiular, for the algebra of Hamilton's quaternions Q ondition (2.1) appears to be
algebraially equivalent to the ondition of onformity of the mapping Z 7→ F (Z) in the
Eulidean spae E
4
[24, 25, 26℄. Indeed, taking the quaternioni normN2(q) = q20+q
2
1+q
2
2+q
2
3
of the elements in left- and right-hand parts of the relation (2.1) and using the property of
multipliativity of norms
N2(p ∗ q) = N2(p)N2(q), ∀p, q ∈ Q, (2.2)
one obtains:
ds
2
≡ N2(dF ) = N2(L ∗R)N2(dZ) ≡ Λ(Z)ds2, (2.3)
so that any Q-dierentiable funtion indeed denes some onformal mapping ds 7→ ds in E4
with the sale fator Λ(Z) = N2(L ∗ R). Let us notie that in this respet ondition (2.1)
an be also regarded as a natural generalization of the ondition of omplex holomorphy.
However, it is well known (the so alled Liouville theorem, see, e.g., [16℄), that in
the E
4
-spae onformal mappings form a nite 15-parametri group, in ontrast to the
innite-dimensional group of onformal mappings on a omplex plane realized by analytial
funtions of omplex variable. Eah of these onformal mappings in E
4
orresponds to some
Q-dierentiable funtion obeying ondition (2.1). Namely, for inversion F (Z) = Z−1 one
has dF = −Z−1 ∗ dZ ∗ Z−1, i.e. an expression of the form like (2.1). Analogously, one
an easily verify orresponding statement for other independent onformal mappings in E
4
:
translations, rotations and dilatation  as well as for arbitrary their sequenes. In other
words, transformations dened by Q-dierentiable funtions form the group isomorphi to
the onformal group of E
4
.
Thus, for exeptional algebra with division Q the lass of Q-dierentiable funtions
dened by the ondition (2.1) is again too narrow to be applied in fundamental physis.
One annot, say, hope to use these funtions in the apaity of fundamental physial elds.
It ours that for this purpose one should pass to omplexiation of Q, that is,  to the
algebra of biquaternions B.
3 Biquaternioni dierentiability and the equation of C-eikonal
Below we restrit ourselves to the ase of the full N ×N matrix algebras A = Mat(N) over
R or C (when N = 2, one has the isomorphism of the full matrix algebra Mat(2,C) ∼= B
to that of biquaternions). For equivalent of the quaternioni norm  the determinant of the
matrix of dierentials dF in the left-hand part of (2.1)  one gets:
det ‖dF‖ = det ‖L(Z) ∗R(Z)‖ det ‖dZ‖ ≡ λ(Z) det ‖dZ‖. (3.1)
In the ase when both matries L,R are invertible, so that λ(Z) 6= 0, ondition (3.1) denes
some onformal mapping with the sale fator λ(Z) of the innitesimal (omplex or real
indenite) metri represented by determinant in (3.1). In partiular, for the algebra B we
deal with onformal mappings in the omplexied Minkowski spae CM.
4
The most interesting ase, however, seems to be that one when detL = 0 (or, analo-
gously, detR = 0); under this ondition the sale fator λ(Z) = 0, and the relation (3.1)
denes a mapping of the full vetor spae of A into the subspae of its elements  null di-
visors (into the omplex null one in the ase of the algebra B). Suh mappings may be
named degenerate onformal mappings. They onstitute an important and wide lass: in
the ontext of algebrodynamial theory presented further in the artile just these mappings
(and orresponding dierentiable A-funtions) are identied with physial elds. In parti-
ular, under omplexiation of quaternions the lass of dierentiable funtions and related
mappings onsiderably extends.
In the N × N matrix representation ondition of dierentiability (2.1) in omponent
notation takes the form (A,B, ... = 1, ...N):
∇ABFCD = LCARBD (3.2)
where ∇AB orresponds to the operator of derivation with respet to oordinates Z
AB
. For
some xed pair of indies C,D denoting FCD ≡ Σ, LCA ≡ φA, RBD ≡ ψB one gets instead
of (3.2):
∇AB Σ = φAψB. (3.3)
Determinant of the matrix of semi-derivatives in the right-hand part of the equation, by
virtue of the fatorized struture, is identially null. Consequently, one gets the equation:
det ‖∇ABΣ‖ = 0, (3.4)
whih is neessarily satised by any matrix omponent FCD ≡ Σ ∈ R or C of any funtion
F (Z) dierentiable in A.
Equation (3.4) represents itself a nonlinear analog of the Laplae equation from om-
plex analysis, and here nonlinearity arises as a diret onsequene of the aount of non-
ommutativity of algebra in the very denition of the A-dierentiable funtions (2.1). In
the ase of biquaternion algebra B equation (3.4) is just the equation of omplex 4-eikonal.
Indeed, introduing for brevity the following notations for oordinates in matrix representa-
tion:
Z00 = u, Z11 = v, Z01 = w, Z10 = p, (3.5)
and omputing the determinant (3.4), we ome to the equation:
(∇uΣ)(∇vΣ)− (∇wΣ)(∇vΣ) = 0, (3.6)
whih in the (omplex) Cartesian oordinates z0 = (u + v)/2, z3 = (u − v)/2, z1 = (w +
p)/2, z2 = i(w − p)/2 takes the familiar form of the eikonal equation:
(
∂Σ
∂z0
)2 − (
∂Σ
∂z1
)2 − (
∂Σ
∂z2
)2 − (
∂Σ
∂z3
)2 = 0. (3.7)
In aord with the results of our paper [17℄ (see also [18℄), general solution of the omplex
eikonal equation onsists of two dierent lasses whih both an be obtained in an algebrai
way from some generating (omplex analytial) funtion of the projetive twistor variable.
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Speially, let us hoose, in expression (3.2) for the 4-gradient of omplex eikonal
funtion, one of the 2-spinors, say, ψ = {ψB} and dene then the 2-spinor τ = {τ
A} inident
to it in the sense the Klein-Penrose orrespondene [19℄
τ = Zψ, ↔ τA = ZABψB. (3.8)
A ouple of spinors {ψB, τ
A} onneted by the inidene relation (3.8) is alled the (proje-
tive) twistor of omplex Minkowski spae CM.
Indeed, equation (3.8) as well as the spinor ψ itself in equation (3.2) are dened up to
a multipliation by a nonzero omplex salar; therefore, only three omplex ratios of twistor
omponents are essentially dened. Let, for example, the spinor omponent ψ0 be not zero;
then, making use of the projetive equivalene, one an hoose the twistor gauge of the form
ψ0 = 1 and get for the above ratios:
ψ1 = G, τ
0 = wG+ u, τ 1 = vG+ p (3.9)
where {u, v, w, p} are omplex oordinates ZAB in representation (3.5).
Let us hoose now an arbitrary funtion Π of three omplex arguments  omponents of
the projetive twistor
Π(ψ1, τ
0, τ 1) ≡ Π(G,wG+ u, vG+ p) (3.10)
It easy to hek that resolving equation Π = 0 with respet to the unknown G(u, v, w, p),
one obtains some solution of the omplex eikonal equation (CEE)  solution of the I lass.
Further, resolving equation dΠ/dG = 0 with respet toG again and substituting the obtained
solution into the initial funtion Π, we ome to a onjugated solution to CEE Π(u, v, w, p)
(of the II lass). Aording to results of the paper [17℄, these two lasses exhaust all (almost
everywhere analytial) solutions of the CEE (see [17, 18℄ for details). For further needs let
us only mention that, for any generating (World) funtion Π, orresponding solution of the
joint system Π = 0, dΠ/dG = 0 denes the struture of singular set Π(u, v, w, p) = 0  the
lous of branhing points of the eikonal funtionG (Π) itself and, orrespondingly  of poles of
its 4-gradient. Resolution of this algebrai system makes it possible, sometimes in lak of an
expliit expression for the eikonal funtion itself, to determine the struture of its singularities
(whih may be extremely ompliated). This lous denes also the struture of singularities
of assoiated gauge elds and of the eld of eetive urvature being extremely important
in the algebrodynamial approah. Corresponding examples are presented in [18, 20, 27, 31℄
and below (setion 8).
4 Global symmetries and splitting of the equation of A-dierentiability
Let us return now bak to examine the onditions of A-dierentiability (2.1) in general non-
ommutative ase of the matrix algebraMat(N,C). It is easy to hek that this fundamental
relation preserves its form under the following transformations:
Z 7→ PZQ−1, F (Z) 7→ SF (Z)T−1, L(Z) 7→ SL(Z)P−1, R(Z) 7→ QR(Z)T−1, (4.1)
where P,Q, S, T are four onstant invertible and, in general, distint matries N ×N (here
and below the symbol of matrix multipliation is omited for simpliity). Digressing from
6
dilatations (generally, with dierent sale fators for oordinates Z and funtions F (Z)),
we shall further on set the determinants of all matries equal to unity so that P,Q, S, T ∈
SL(2,C).
In the partiular ase of equality of the entire matries one gets the internal automor-
phisms of the algebra at study whih leave invariant both the trae and the determinant of
matries. When N = 2, i.e. in the ase of biquaternion algebra B, the determinant denes
the struture of a bilinear C-valued form:
det ‖Z‖ = (z0)2 − (z1)2 − (z2)2 − (z3)2 (4.2)
Thus, in aount of the invariane of the trae z0, automorphisms represent themselves the
rotations of 3-dimensional omplex spae C3; the automorphism group Aut(B) is 2:1 isomor-
phi to the group of omplex rotations SO(3,C). In general ase (N > 2) automorphisms
look like linear transformations whih keep invariant the trae and the holomorphi Finsler-
like metrial form of the N-th order dened by the struture of matrix determinant.
For simpliity restriting below to the ase N = 2, let us onsider general symmetries
of the onditions of biquaternioni dierentiability (4.1). The oordinate transformations
Z 7→ PZQ−1, P, Q ∈ SL(2,C), (4.3)
evidently represent themselves the 6-parametrial rotations of the full vetor spae of algebra
C4 whih leave invariant the holomorphi metri (4.2). These transformations form the
group 2:1 isomorphi to the group SO(4,C). By this, the law of transformations of the semi-
derivatives L(Z), R(Z) and the funtion F (Z) itself remains, aording to (4.1), partially
indenite due to existing voluntarism in the hoie of two other matries S, T ∈ SL(2,C).
This situation is, of ourse, related to a very wide symmetry group of the onditions of
B-dierentiability (2.1).
Indeed, one an set, in partiular, S = Q, T = P onsidering thus symmetries of the
form
Z 7→ PZQ−1, F (Z) 7→ QF (Z)P−1 L(Z) 7→ QL(Z)P−1, R(Z) 7→ QR(Z)P−1, (4.4)
under whih all the elds L(Z), R(Z), F (Z) behave themselves as (ovariant) vetors re-
alizing in this way vetor representation of the group SO(4,C). However, for the same
elds another type of transformations preserving the form of basi equations (2.1) is pos-
sible. Speially, let us set the matries S, T equal to the unit one; then we ome to the
symmetry transformations of the form
Z 7→ PZQ−1, F (Z) 7→ F (Z), L(Z) 7→ L(Z)P−1, R(Z) 7→ QR(Z), (4.5)
so that under these the prinipal funtion F (Z) behaves itself as a SO(4,C)-salar, whereas
the semi-derivatives L(Z), R(Z)  as a omplex of two independently transforming olumns
(rows), i.e. as the SO(4,C)-spinors!
Thus, in the onsidered ase one has a unique situation when one and the same phys-
ial eld an be transformed aording to a number of independent representations of the
omplex Lorentz group SO(4,C) manifesting itself at the same as a vetor, a ouple of
spinors or a number of salars.
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The most general symmetries (4.1) form (in the 4:1 ratio) the 12C-parametrial group
SO(4,C)×SO(4,C) whih one an imagine himself as the produt of oordinate and internal
groups. However, in respet to the transformations of elds, representation of the full group
annot be uniquely deomposed into representations of eah of onstituents.
Indeed, matries S, T an be uniquely represented in the form S = ΛQ, T = ΠP
through some new matries Λ,Π ∈ SL(2,C). By this, the eld transformations under
general symmetries (4.1) take the form:
Z 7→ PZQ−1, F 7→ Λ(QFP−1)Π−1, L 7→ Λ(QLP−1), R 7→ (QRP−1)Π−1, (4.6)
and aquire the following natural interpretation: with respet to the group of oordinate
transformations SO(4,C)coord all of the elds L(Z), R(Z), F (Z) are (ovariant) vetors;
at the same time, with respet to the internal isotopi group SO(4,C)int eah of semi-
derivatives L(Z), R(Z) behave itself as a ouple of isospinors whereas the basi eld F (Z)
is an isovetor. However, this interpretation though suitable is quite not the only possible
one as we have seen above.
Let us notie also that the oordinate spae Z an be redued to the spae of uni-
tary matries (Hamilton's quaternions) or to the spae of Hermitian matries for whih the
above introdued retilinear oordinates zµ turn to be real and the invariant form (4.2) rep-
resents the Minkowski metri. By this, the requirement of preservation of the introdued
ondition (of unitary, Hermitian et. struture) imposes restritions on the admissible gen-
eral symmetry transformations (4.1) so that the symmetry group redues to a smaller one.
All suh situations inluding admissible transformations of elds (whih generally remain
omplex-valued) an be easily examined. In partiular, on the Hermitian oordinate sub-
spae the algebrodynamial eld theory based on the onditions of B-dierentiability (2.1)
will be automatially Lorentz invariant. This ase will be disussed in details below.
To onlude the disussion of symmetries, let us note that linear transformations (4.1)
that ontain the SO(4,C)-rotations and dilatations do not exhaust the whole group of sym-
metries of the B-dierentiability onditions (2.1) whih are also evidently invariant under
the 4C translations as well as under the inversions in this spae, so that the full group of
symmetries ontains at least the 15C-parametrial group of onformal mappings on the 4D
omplex spae equipped with holomorphi metri (4.2).
Now, in aord with the wide group of their symmetries, onditions of B-dierentiability
admit various forms of splitting, i.e. of their redution to simpler systems of equations. By
this, of ourse, symmetry group of the redued system will be smaller than the initial one.
The most important example of the proedure is the row (olumn) splitting of the matrix of
the basi funtion F (Z) [23℄.
Speially, let us denote the two olumns of this matrix as F = {η1, η2} and the olumns
of the right semi-derivative as R = {ξ1, ξ2}. Òhen one redues the initial matrix system to
that of the following two equations of idential type:
dηa = Φ ∗ dZ ∗ ξa, a = 1, 2 (4.7)
and eah solution of the full system may be built as an arbitrary omposition of some two
solutions of systems like (4.7) with the same matrix eld Φ(Z) (the eld of left semi-
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derivative). Redued system (4.7) is form-invariant, in partiular, under the following trans-
formations of variables:
Z 7→ QZP−1, ξ 7→ Pξ, Φ 7→ PΦQ−1, η 7→ Pη, (4.8)
under whih the quantities Φ(Z) transform as a omplex 4-vetor and the elds η(Z) è
ξ(Z)  as the SL(2,C)-spinors 1.
Redution of the full system of equations of B-dierentiability to a simpler system of the
form (4.7) for two spinors (basi and additional) and one 4-vetor may be alled the spinor
splitting of the primary system of equations (2.1).
The main lass of solutions of the full system (2.1) an in fat be restored from an
arbitrary solution of only one of the spinor systems (4.7). For this, it is suient to nullify,
say, the spinors η2 and ξ2 or regard them as proportional to the initial spinors, i.e. to set:
η2 = kη1, ξ2 = kξ1 (4.9)
with arbitrary onstant omplex fator of proportionality k ∈ C. By this, the right semi-
derivative will represent a degenerate matrix, detR(Z) = 0, and the prinipal matrix
funtion will dier from a degenerate one by an arbitrary onstant matrix C: F (Z) =
C +H(Z), detH(Z) = 0. We note that the fator of proportionality k annot depend on
the oordinates Z in a nontrivial way what may be easily proved in aount of the idential
form of the eld Φ(Z) for both spinor systems (see [21℄).
The degenerate ase that orresponds to the degenerate onformal mappings (see se-
tion 3) is in general the only physially nontrivial one. Indeed, in the non-degenerate ase
orrespondent to the anonial onformal mappings in C the eld strengths of gauge elds
assoiated with B-dierentiable funtions identially turn to zero [10, 23, 22℄. On the other
hand, when the matrix of, say, the right semi-derivative is degenerate, its two olumns are
proportional at a point and, by virtue of onstany of the fator k,  globally. Thus, we
have shown that physially nontrivial solutions of basi equations of B-dierentiability (2.1)
all orrespond to degenerate matries and an be all obtained from the solutions of the
fundamental spinor system
dη = ΦdZξ (4.10)
through the proedure of trivial ompletion of the spinors ξ(Z), η(Z) up to the full matries
with zero determinant (by this, spinors an in addition be multiplied by an arbitrary omplex
number).
5 General solution of fundamental spinor system
As the omplex eikonal equation (CEE) for individual omponents of the prinipal spinor
η(Z), general solution of fundamental spinor system (FSS) (ÔÑÑ) (4.10) onsists of two
dierent lasses and is obtained by analogy with general solution of the CEE itself (setion
3). Here we shall only announe its struture (full proof will be given elsewhere).
1
It is obvious that transformations (4.8) do not exhaust all the symmetries of a system of equations from
(4.7) whih result from general symmetry transformations (4.1)
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Solutions of FSS of the I lass
Let us dene the twistor of the spae C4
W = {ξ, κ} ≡ {ξ, Zξ}, (5.1)
built on a spinor ξ(Z) whih satises the FSS (4.10) together with some orresponding
funtions η(Z),Φ(Z). Let three its projetive omponents be funtionally independent; then
one may also onsider as funtionally independent all four its omponents
{ξA, κ
A = ZABξB}. (5.2)
By this, it may be shown that omponents of the prinipal spinor, on the ontrary, are
funtionally dependent and may be onsidered as dependent on oordinates only through
the omponents of the twistor (5.2):
ηA(Z) = ηA(σ), σ(Z) = σ(ξ, κ) ≡ σ(ξ(Z), Zξ(Z)). (5.3)
The hoie of generating funtion σ(ξ, κ) as well as of the funtional dependene on it of
the omponents of prinipal spinor ηA(σ) may be quite arbitrary (ertainly, if one provides
neessary smoothness onditions).
It appears that dependene on oordinates of the omponents of spinor ξA(Z) an be
by this determined from the solution of algebrai system of two equations of the form:
dσ
dξB
= 0. (5.4)
Substituting after this the solution ξ(Z) into (5.3), one obtains expression of the prinipal
spinor η(Z). By this, the eld matrix ΦAB is degenerate and equal to
ΦAB =
dηA
dσ
∂σ
∂κB
. (5.5)
Thus, any dierentiable funtion of twistor variable σ(ξ, κ) gives rise to a lass of equivalent
(with respet to the funtional dependene of the spinor omponents ηA) solutions to FSS.
These solutions are in evident orrespondene to the CEE solutions of the I lass desribed
in setion 3.
Solutions of FSS of the II lass
Let now three projetive twistor omponents (5.1) be funtionally dependent; then, again
with aount of arbitrariness of the hoie of the fourth omponent of general twistor, one
may onsider that there exist two funtional onstraints between its omponents (5.2) of the
form
Π(D)(ξA, κ
A) = Π(D)(ξA, Z
ABξB) = 0, (D) = 1, 2. (5.6)
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Resolving this system of algebrai equations, one an nd the expliit form of the spinor
ξB(Z). Dierentiating equations (5.6) with respet to oordinates, one an show (for details
see [17℄) that the omponents of ξ satisfy dierential equations of the form
∇ABξC =
[
−
∂Π(D)
∂κA
Q−1(D)C
]
ξB ≡ ΨCAξB, (5.7)
where the notation ΨCA for quantities in square brakets is introdued and Q
−1
(D)C  for the
matrix, inverse to
Q(D)C :=
dΠ(D)
dξC
. (5.8)
In the invariant Pfaan form system of equations (5.7) may be written down as follows:
dξ = ΨdZξ. (5.9)
Under identiation of the prinipal and additional spinors η(Z) ≡ ξ(Z) and the funtion
Ψ(Z) with the eld Φ(Z) (i.e. with left semi-derivative eld), this system is evidently
itself a solution of FSS orrespondent to generating twistor funtions (5.6).
Atually, this ase is of espeial signiane for further appliations of biquaternioni
analysis in algebrodynamial framework; in preeding artiles the system (5.9) and orre-
sponding full matrix system
dF = ΨdZF, (5.10)
in whih F (Z) is a degenerate (detF = 0) biquaternioni eld onstruted by means of two
proportional spinors ξ(Z), has been alled the generating system of equations (GSE). Indeed,
as we shall see later on, any solution of the GSE naturally gives rise to a solution of free
equations of Maxwell, Yang-Mills and other fundamental (massless) equations of relativisti
elds. We note that from mathematial point of view the GSE represents itself a speial ase
of the B-dierentiability onditions under whih the right semi-derivative R(Z) is identied
with the prinipal biquaternioni eld F (Z).
Let us present now the general form of the FSS solutions of II lass that orresponds
to some arbitrary omposition of the two generating twistor funtions Π(D)(ξA, κ
A). From
these, resolving the algebrai equations (5.6) for the spinor ξ(Z) and omputing the quantities
Ψ(Z) by means of formulas (5.7),(5.8), one obtains a omplete solution to the GSE (5.9). By
this, it turns out that the omponents of the prinipal spinor η(Z) may be arbitrary (and,
generally, dierent) funtions of twistor omponents (5.2):
ηA(Z) = ηA(ξ, κ) ≡ ηA(ξ(Z), Zξ(Z)). (5.11)
Let us note also that by virtue of the onstraints (5.6) only two of these twistor om-
ponents are atually independent. Finally, orresponding expression for the eld Φ(Z)
is obtained from the already found solution of GSE {Ψ(Z), ξ(Z)} and arbitrarily hosen
dependene of omponents of the prinipal spinor (5.11) in the following way:
Φ(Z) = (MΨ(Z) +N(E + ZΨ(Z)), M := ‖
∂η
∂ξ
‖, N := ‖
∂η
∂κ
‖, (5.12)
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where E represents again the 2 × 2 unit matrix. As the result, one obtains that any pair
of independent funtions of twistor variable Π(D)(W) ≡ Π(D)(ξA, κ
A) gives rise to a lass of
equivalent (in respet of the arbitrariness of mutual dependene of the omponents of the
prinipal spinor ηA(W)) solutions of the FSS. Certainly, this lass orresponds to the II lass
of solutions to CEE desribed in setion 3.
Thus, we ome to the general solution of FSS (4.10). Indeed, sine from the three
projetive omponents of prinipal twistor (5.1) either all three or only two are funtionally
independent
2
, any solution to FSS belongs either to the rst or to the seond lass. That
is why any (almost everywhere analytial) solution to FSS may be obtained from some
generating funtion of twistor variable (I lass) or from a pair of suh funtions (II lass)
through the above desribed purely algebrai proedure. In ompare with general solution
to the omplex eikonal equation desribed earlier in setion 3 (in a xed gauge) and in
artiles [17, 18℄, in the ase of FSS there exists an additional arbitrariness of the hoie (of
dependene on twistor variables) of the omponents of the prinipal spinor whih may be
either funtionally onneted (for the I lass solutions) or independent (for solutions of the
II lass).
Suh arbitrariness may be naturally eliminated if one hooses as fundamental the gen-
erating system of equations (5.9) or orresponding full-matrix system (5.10). All solutions
of the latter belong already to the seond lass of the FSS solutions and are ompletely
determined by the hoie of a pair of generating funtions of twistor variable (5.6) (or, under
xing of gauge for projetive twistor (see below)  even by a sole generating World fun-
tion). Therefore, we proeed now to the detailed examination of properties and solutions of
this universal system of equations.
6 Biquaternioni dierentiability and the gauge elds
In the algebrodynamis, onditions of biquaternioni dierentiability (2.1) and, partiularly,
prinipal ase of them  the generating system of equations (5.9), (5.10)  are onsidered
as the unique primary equations of physial elds identied with dierentiable B-funtions.
By this, in order to guarantee the theory to be relativisti invariant, one has to restrit
the omplex oordinates Z to the subspae of Hermitian matries Z 7→ X = X+ with the
Minkowski metri detX = (x0)2 − (x1)2 − (x2)2 − (x3)2. The GSE (5.9) takes then the
following form:
dξ = ΨdXξ (6.1)
and preserves it (inluding the Hermitian struture of oordinate matrix) under the following
symmetry transformations:
X 7→ P+XP, ξ 7→ P−1ξ, Ψ 7→ P−1Ψ(P+)−1, (6.2)
where the quantities ξ(Z) and Ψ(Z) behave themselves as an SL(2,C)-spinor and a omplex
4-vetor respetively. Of ourse, there exists also a more general symmetry group (6.1),
2
Statement that at least two omponents of a generi twistor are always independent is proved, for
example, in [22℄
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namely, the onformal group of Minkowski spae, and just this fat predetermines the exis-
tene of twistor struture introdued above.
It should be noted, however, that the property of Hermitiane represents itself some
superuous requirement whih is not motivated by the internal struture of initial algebra
of biquaternions. In the last setion we shall demonstrate in whih way the struture of
Minkowski spae is atually enoded in the struture of the full vetor spae C4 of the B-
algebra. In aount of this irumstane, in this and subsequent setions we preserve, as
a rule, the holomorphi struture of theory dealing, as before, with omplex oordinates
Z = {zµ} and, orrespondingly,  with GSE in its previous form (5.9), (5.10). When
only the theory aquires an expliit physial interpretation, we aomplish transition to
the real oordinates {xµ} or, in other words,  to the Hermitian matrix of Minkowski spae
oordinates X = X+.
Let us reall now that the GSE (5.9) is over-determined (8 dierential equations for 6
unknown funtions). Therefore, some onditions of ompatibility (integrability et.) must
be fullled that allow to obtain from (5.9) some restritions on both the spinor ξ(Z) and the
vetor eld Ψ(Z). However, before we start to onsider these, it is neessary to examine the
gauge nature of the eld Ψ(Z) that turns to be essentially distint from generally aepted
one. Let us also note that further in this and subsequent setions we follow mostly the
exposition of the disussed questions presented in [22, 26℄.
It is easy to see that the well-known from the eld theory gauge U(1)-transformations
of the form
ξ 7→ exp iα(X)ξ, Ψ 7→ Ψ− i∇ lnα, α ∈ R (6.3)
or their natural omplexiation, do not leave the GSE form-invariant. Nonetheless, in our
papers [23, 22℄ it was shown that this system possesses the so alled weak (or restrited)
gauge symmetry under whih the gauge parameter α depends on oordinates impliitly, only
through the omponents of the transformed spinor ξ(Z) itself and the spinor κ(Z) = Zξ(Z)
twistor-onjugated to it:
α = α(W) = α(ξ, κ) ≡ α(ξ(Z), Zξ(Z)). (6.4)
Suh transformations that orrespond to the projetive transformations of twistor ompo-
nents, form a group whih is a (proper) subgroup of the full gauge group C (the latter being
the omplexiation of U(1)) [22℄). By this, the quantities Ψ(Z) transform gradient-wise,
that is, behave themselves as the potentials of some gauge eld. As we shall see below, this
eld may be naturally assoiated with (omplexied) eletromagneti eld.
Indeed, the GSE (5.9) an be onsidered as ondition for the spinor ξ(Z) be ovariantly
onstant (absolutely parallel) with respet to the B-valued dierential 1-form of eetive
onnetion:
Ω = ΨdZ. (6.5)
Interestingly, in the 4-vetor representation B-indued onnetion (6.5) gives rise to an ane
onnetion of the form [10, 23℄:
Γµνρ = δ
µ
νΨρ + δ
µ
ρΨν − ηρνΨ
µ − iǫµ.νρλΨ
λ, (6.6)
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that denes atually the eetive omplex Weyl-Cartan geometry. In suh B-indued geom-
etry the non-metriity Weyl vetor and the vetor of the pseudotrae of the skew-symmetri
torsion are proportional to eah other and are expressed both through the omponents of
the prinipal gauge eld Ψ(Z) 3.
Making now use of the denition (6.5), let us rewrite the initial GSE (5.9) in the form
dξ = Ωξ (6.7)
Dynamis of the onnetion Ω(Z) may be obtained through external dierentiation of (6.7)
that results in the ondition of integrability of the form
Rξ ≡ (dΩ− Ω ∧ Ω)ξ = 0, (6.8)
where (in parentheses) a urvature 2-form R appears. Sine the spinor ξ is not arbitrary but
subjet to (6.7), onditions of integrability (6.8) do not result in the zero value of urvature
4
. Quite remarkably, instead of trivial zero urvature requirement, integrability onditions
(6.8) result in the self-duality of urvature [10, 23℄.
In order to demonstrate this, let us note that for onnetion of the type (6.5) the
urvature R is of the following, rather speial form:
R = (dΨ−ΨdZΨ) ∧ dZ ≡ π ∧ dZ, (6.9)
in whih a novel B-valued 1-form π arises, with omponents
πAC = πACBDdZ
BD = (∇BDΨAC −ΨABΨCD)dZ
BD. (6.10)
Now the integrability onditions (6.8) take the form (π ∧ dZ)ξ = 0, or, in matrix represen-
tation:
πACBDdZ
BD ∧ dZCEξE = 0.
With aount of the symmetry properties of 2-spinors from the last relation one obtains:
π CA C(BξE) = 0,
so that for any nontrivial solution ξ(Z) one has:
π CA CB ≡ ∇CBΨ
C
A +ΨBCΨ
C
A = 0. (6.11)
Further, making use of the standard proedure and deomposing the urvature (6.9)
into the self- and the antiself-dual parts one nds that equations (6.11) represent just the
onditions for the self-dual part of urvature to vanish. By this, another antiself-dual its part
R¯ has the form:
R¯ DA (BC) = ∇
C
(BΨAC) −Ψ
C
(BΨAC) (6.12)
3
Absolutely parallel elds in the framework of Weyl geometry free of torsion have been studied in [31℄;
their properties are losely related to the symmetries of Weyl manifolds [32℄. For real onnetions of suh
type relations between the non-metrial and torsion parts were the objet of onsideration in [29℄
4
At this point our approah onsiderably diers from that aepted in the works of Buhdahl [33℄, Pen-
rose [34℄ or Plebanski [35℄ who onjetured that integrability onditions resembling (6.8) should be fullled
for arbitrary spinor eld (or for a wide lass of solutions to the so alled exat systems of eld equations)
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and satises the additional integrability onditions R¯ξ = 0 (later in the artile we do not
make use of these onditions).
Thus, though the urvature 2-form (6.9) of the onnetion 1-form (6.5) is not (anti)self-
dual by itself (i.e. (anti)self-dual in the strong sense), it neessarily beomes antiself-dual
on the solutions to GSE. For this reason this property of the eetive urvature of GSE has
been alled weak (anti)self-duality [39℄.
From physial viewpoint, expression (6.12) denes the eld strength of some matrix
gauge eld; in partiular, its diagonal part
FBC = R¯
A
A (BC) = ∇
A
(BΦAC) (6.13)
orresponds to the strength of (omplexied) eletromagneti eld whereas the trae-tree
part (6.12) denes the strength of a omplex eld of the Yang-Mills type
5
. Indeed, in
aount of the Bianhi identities
dR ≡ Ω ∧ R− R ∧ Ω, (6.14)
self-duality of urvature R + iR∗ = 0 immediately implies the fulllment of free Maxwell
equations for diagonal (eletromagneti) part of the 2-form F = Tr(R) = R AA :
dF ∗ = 0 = dF ≡ 0, (6.15)
as well as of Yang-Mills equations for trae-free part of urvature form F
B
A = R
B
A −
1
2
Fδ BA .
By this, though the eletromagneti 2-form F is, generally speaking, C-valued, by virtue
of its self-duality it is redued to the real 2-form F onneted with F in the following way:
F = F− iF∗. (6.16)
Certainly, for this form homogeneous Maxwell equations are satised too so that the number
of independent degrees of freedom turns to be equal to that for the ordinary real eletromag-
neti eld. In expliit form for C-valued strengths of eletri ~E and magneti ~H elds
one has from (symmetri part of) the integrability onditions (6.11):
~E + i ~H = 0, (6.17)
from where one gets ℑ( ~H) = ℜ( ~E), ℑ( ~E) = −ℜ( ~H) so that a pair {ℜ( ~E),ℜ( ~H)} represents
the R-valued eletromagneti eld subjet to Maxwell equations. In addition, from (the
skew-symmetri part of) equations (6.11) one obtains the following inhomogeneous Lorentz
ondition [10, 23℄ for the C-valued eletromagneti potentials Aµ ↔ ΦAD:
∂µA
µ + 2AµA
µ = 0, (6.18)
5
In fat, here introdued eld is not exatly what is generally aepted as the Yang-Mills one with the
gauge group SL(2,C) if one takes in aount the restrited (weak) gauge symmetry. However, the form of
gauge equations is ompletely idential to that generally aepted. Restritions take plae only with respet
to the lass of the admissible solutions and their transformations into eah other under the ation of the
weak gauge group
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whih must also hold identially on the solutions of GSE. Certainly, ondition (6.18) is
not gauge invariant by itself, in the aepted strong sense; nonetheless, it is invariant
with respet to the weak gauge transformations (6.4), under the requirement that the
transformed potentials (together with some orresponding spinor eld ξ(Z)) really satisfy
the GSE.
As to the Yang-Mills elds, they an be here always expressed through the strengths
of eletromagneti eld and the spinor ξA itself and, therefore, annot be onsidered as
independent. Note that separately the real and imaginary parts of the trae-less omponent
of the urvature F
B
A will no longer satisfy free Yang-Mills equations by virtue of non-
linearity of the latters. That is why here the Yang-Mills elds are essentially omplex-
valued. Other properties and peuliarities of the Yang-Mills elds arising in the framework
of algebrodynamial approah an be found, say, in [23℄.
7 Null shear-free ongruenes of rays assoiated with the GSE
Let us now onsider restritions on the prinipal spinor ξA arising under elimination of
potentials of the gauge elds from the GSE (5.9). For this purpose, let us write out the
given Pfaan system of dierential equations in omponents:
∇BAξC = ΨCBξA. (7.1)
Multiplying the latter by the orthogonal spinor ξA with aount of skew-symmetry of the
spinor norm ξAξ
A = 0 we get:
ξA∇BAξC = 0, (7.2)
i.e. the system of nonlinear equations for the omponents of the spinor ξ(Z). Let us note that
under restrition of omplex oordinates to the Minkowski subspae M, as a onsequene
of (7.2), one obtains a (well known in the framework of GTR) system of equations for the
prinipal spinor of the so alled shear-free null (geodesi) ongruene (SFC) of 4-dimensional
retilinear rays:
ξBξC∇ABξC = 0. (7.3)
At this point we must warn the reader that here and below, in ontrast to the generally
aepted formalism, we make no dierene between the primed and unprimed spinor indies
under the restrition of oordinates to M. This is made to preserve as muh as possible the
notations spei for the full omplex spae and surely will not lead to any misunderstanding.
In our artiles [22, 56℄ it was shown that initial system (7.2) diers from the SFC system
(7.3) only in a more rigid xing of the gauge of the prinipal spinor ξ, and is ompletely
equivalent to the latter in what is related to the ratio of spinor's omponents. In partiu-
lar, general solution of the SFC system (and, therefore,  omplete desription of all suh
ongruene on the bakground of the Minkowski spae M) is expliitly related to its twistor
struture and represented by the famous Kerr theorem [40, 19℄ in the form of impliit
algebrai equation:
Π(ξ, κ) = Π(ξ, Zξ) = 0, (7.4)
where Π is an arbitrary homogeneous funtion of twistor arguments. From the onstraint
(7.4) the ratio of spinor omponents may be found whih only is dened by the SFC system
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of equations (7.3). Analogously, the more rigid system of equations for the prinipal spinor
of GSE (7.2) has, as it has been shown earlier (setion 4), general solution (5.6) in the form
of two equations that ontain some arbitrary and independent twistor funtions Π(D)(ξ, κ).
From these equations now both spinor omponents ξ(Z) an be dened altogether.
It is well known that, in order to draw geometrially a SFC on M, one has to dene,
via the prinipal spinor ξ(Z), the eld of a (real-valued) null 4-vetor kµ(X) tangent to the
(retilinear) rays of the ongruene as follows:
kµ(X) = ξ
+σµξ, σµ = {E, σa}, (7.5)
where {σa}, a = 1, 2, 3 are the Pauli matries and E  the unit 2× 2-matrix.
Now, resolving the Klein-Penrose ondition of spinor inidene (3.8) restrited to M,
κ = Xξ, (7.6)
with respet to the spae-time points X , one obtains [19℄ that twistor eld {ξ, κ} together
with the SFC tangent vetor kµ is transported in parallel along retilinear null diretions
dened by the vetor itself. By this, as a parameter of transportation along the rays one may
hoose the time oordinate itself [18, 61, 60℄.
Let us note now that for physial appliations only projetive omponents of the GSE
twistor are of importane that are dened, say, by the ratio of spinor omponents ξ1/ξ0 = G
and equal then to
κ0 = wG+ u, κ1 = vG+ p, (7.7)
where u, v, w, p are the omplex matrix oordinates (3.5) two of whih (u, v) beome real
under the restrition to M whereas the two others (w, p) beome omplex-onjugated. By
this, both systems (7.2) and (7.3) for fundamental spinor eld G turn to be equivalent to a
pair of PDE's of the following form:
∇wG = G∇uG, ∇vG = G∇pG, (7.8)
General analytial solution of equations (7.8) for funtion G(X) follows now from its gauge
invariant representation (5.6) in the form of a unique algebrai equation
6
Π(G, κ0, κ1) = Π(G,wG+ u, vG+ p) = 0, (7.9)
that impliitly denes the funtion G(X). Here Π is an arbitrary holomorphi funtion
of three omplex twistor variables. Equation (7.9) expresses itself the fat of funtional
dependene of the three omponents {G, κ0, κ1} of the projetive twistor W assoiated with
solutions to GSE. For the SFC equations (7.3) this equation is well known representing the
Kerr theorem in a xed gauge.
Let us notie now that solutions of (7.8) are dened almost everywhere exept the
branhing points of the G(X)-funtion that orrespond to multiple roots of the Kerr equation
(7.9) and are dened by the ondition of the form:
P :=
dΠ
dG
= 0. (7.10)
6
This may be ompared with general solution of the omplex eikonal equation of the II lass, see setion
3
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Multiplying now one by another the two equations (7.8) one an verify one more the fat
of fullment of the omplex 4-eikonal equation for the eld G(X) in the form:
∇uG∇vG−∇wG∇pG = 0, (7.11)
On the other hand, dierentiating these equations one an hek that G(X) satises also
the linear wave (d'Alembert) equation [41, 39, 56℄
G ≡ (∇u∇v −∇w∇p)G = 0. (7.12)
We mention also that in aount of (7.11) any C2-funtion λ(G) is also harmoni on the
solutions of GSE:
λ(G) = 0. (7.13)
Further, making use of the expression (5.7) for potentials ΨAB and taking in aount
equation (7.11), we an express the strengths of eletromagneti eld (6.13) through the
seond order derivatives of lnG:
F00 = ∇u∇p lnG, F11 = ∇v∇w lnG, F01 = ∇w∇p lnG, (7.14)
so that fullment of free Maxwell equations for the strengths (7.14) follows diretly from the
wave equation (7.13) for λ = lnG. Now, dierentiating twie the identity (7.9) with respet
to the oordinates {u, v, w, p}, we obtain a very important (and having none analogues in
literature) representation of the strengths of eletromagneti eld (7.14) through the twistor
variables [22, 26℄:
FAB =
1
P
(
ΠAB −
d
dG
(
ΠAΠB
P
)
)
, (7.15)
where the funtion P is dened by (7.10) and {ΠA,ΠAB}, A, B = 0, 1 denote the (rst
and seond order) derivatives of the funtion Π with respet to its twistor arguments κ0, κ1.
Below we shall return bak to this ompat expression of the strengths of the assoiated
eletromagneti eld.
Close onnetions between the GSE and SFC equations gives us an opportunity to
introdue one more geometrophysial struture  an eetive Riemannian metri. Indeed,
it is well known [40, 42℄ that it is possible to deform the at spae-time metri ηµν into a
metri gµν of the Kerr-Shild type:
gµν = ηµν + hkµkν (7.16)
so that all the dening harateristis of the SFC  geodesity, twist and shear-free property
 are preserved under suh a deformation. Here h is some salar funtion of oordinates,
and the null (with respet to both the at and deformed metris) ongruene k(X) dened
in (7.5) has the following projetive invariant form:
k = du+ G¯dw +Gdw¯ +GG¯dv, (7.17)
where as G¯ the quantity omplex onjugated to G is denoted.
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Let us turn now to the results of lassial paper [40℄ in whih it has been proved that
metri (7.16) satises the eletrovauum Einstein-Maxwell system of equations for funtions
G obtained as the solutions of the Kerr algebrai equation (7.9) with linear with respet to
the twistor arguments κ0, κ1 generating funtions Π :
Π = ϕ+ (qG+ s)κ1 − (pG+ q¯)κ0. (7.18)
Here ϕ = ϕ(G) is an arbitrary analytial funtion of the omplex variable G, s è p are
real and q  omplex onstants. Not going in details, we note that aording to the results
of paper [40℄ salar funtion h in (7.16) is dened, up to an arbitrary onstant, by initial
generating funtion Π and another funtion Ψ(G) independent on ϕ(G) and related to the
eletromagneti eld of the solution of Einstein-Maxwell system. Suh elds are dened in
the urved spae with metri (7.16) and are, generally, dierent from those arising in our
approah and satisfying Maxwell equations on the at spae-time bakground
7
. Nonetheless,
at least for the most physially interesting solutions (like those of Reissner-Nordstrem or of
Kerr-Newman ones) both these elds are nearly idential diering only in respet that in our
approah eletri harge is xed in absolute value (due to the existene of master struture
of the GSE (see setion 8 below).
It was also shown in [40, 41℄ that singularities of urvature of the eetive Kerr-Shild
metri (7.16) are dened just by the ondition (7.10). On the other hand, it follows from
expression (7.15) that the same equation P = 0 denes the lous of singular points of asso-
iated eletromagneti eld. The very same ondition may be heked to dene singularities
of the Yang-Mills eld assoiated with solutions of the GSE
8
.
Thus, to any solution of the GSE it an be naturally put in orrespondene some ele-
tromagneti, omplex YM and urvature (eetive gravitational) elds. These satisfy re-
spetively the free (omplexied) equations of Maxwell, Yang-Mills and, at least in the basi
stationary ase  the eletrovauum Einstein-Maxwell system
9
. Singularities of all these
elds are dened by one and the same ondition (7.10) and ompletely oinide in spae
and time. This remarkable fat makes it possible, in the framework of algebrodynamial ap-
proah based on the GSE, to onsider partiles as ommon singularities of all the assoiated
elds. We shall develop this oneption in the subsequent setion.
8 Singular partile-like solutions of GSE with self-quantized eletri harge
We present here a brief review of the main lasses of solutions of the GSE and of the
assoiated Maxwell equations known for the present. All these an be obtained through the
hoie of a generating funtion Π, subsequent resolution of the algebrai Kerr equation (7.8)
and alulation of derivatives. If one restrits himself to the simplest ase of solutions that
an be obtained in expliit form, he has to onsider only funtions Π quadrati in twistor
7
At the same time both these types of elds are, generally, dierent also from the elds whih may be
dened for any SFC through the twistor Penrose transform, see, e.g., [19℄, hapter 6
8
Additional singularities of the YM eld strengths orrespond to the poles of funtion G(X) [21, 22℄
9
Correspondene between shear-free null ongruenes and gauge elds has been studied for the ase of a
urved (algebraially speial) spae-time bakground in our paper [57℄
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arguments (linear funtions lead to solutions with zero eld strengths (7.14) of the assoiated
eletromagneti eld).
Fundamental stati solution is generated by the funtion Π of the form
Π = Gκ0 − κ1 + 2ia ≡ G(wG+ u)− (vG+ p) + 2ia, (8.1)
(a = Const ∈ R) whih does not ontain the time oordinate. Equating the funtion to
zero and resolving the quadrati equation with respet to the unknown G one gets (after
restrition of oordinates to the real Minkowski spae):
G =
p
(z + ia)± r∗
≡
x+ iy
(z + ia)±
√
x2 + y2 + (z + ia)2
. (8.2)
Eletromagneti eld (7.14) orresponding to the above solution,
~E − i ~H = ±
~r∗
4(r∗)3
; ( ~E + i ~H = 0), (8.3)
where ~r∗ = {x, y, z + ia}, possesses the singular lous in the form of a ring of radius a, the
only possible value of eletri harge q = ±1/4 (in the dimensionless units used) and a dipole
magneti and quadruple eletri moments equal respetively to qa and qa2 [39, 56℄. If one
digresses from the restritions on harge, the eletromagneti eld (8.3) together with the
Riemannian metri (7.16) orresponding to the SFC (7.17), preisely reprodues the eld
and metri of the Kerr-Newman solution (in the oordinates used in [40℄). In the partiular
ase a = 0 solution (8.2) orresponds to the stereographi projetion S2 → C and the elds
turn into the Coulomb eletri eld and the Reissner-Nordstrem metri.
Self-quantization of eletri harge is a fundamental property of the GSE solutions dis-
overed in [10, 23℄. This property follows from the self-duality onditions (6.17) whih, to-
gether with the property of gauge invariane of the GSE, leads to restrition q = N/4, N ∈ Z
for the admissible values of eletri harge of eletromagneti eld assoiated with any so-
lution of the GSE
10
. Property of harge self-quantization has both topologial and purely
dynamial reasons, the latters being onneted with the over-determined struture of the
GSE. Proof of general theorem on harge quantization in the framework of algebrodynamis
is presented in the artiles [26, 58℄.
By this, it is neessary to mention that, in ontrast to some other, purely topologial
approahes to the problem of the harge quantization [43, 44℄, in the ontext of the GSE the
harge of fundamental stati solution (8.2) an possess only a xed and minimally posisble
value and, onsequently, an be naturally treated as the elementary harge. Together with
the known property of the Kerr-Newman solution to have the gyromagneti ratio g = 2,
equal to that for the Dira partile [45℄, appearane of elementary harge in the theory
justies numerous attempts to interpret the ring singularity of fundamental solution (8.2)
in apaity of the lassial model of eletron. Suh attempts have been undertaken, say, in
10
Atually, in the B-eletrodynamis invariant with respet to the so alled duality transformations it is
not eletri harge but the eetive magneto-eletri harge that is physially signiant and quantized. In
aount of this, the problem of magneti monopole also gets a natural solution [58℄
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the models of Lopes [46℄, Israel [47℄ or Burinskii [48℄ based exlusively on the properties of
solutions of the Einstein-Maxwell system
11
.
Aording to general theorem proved in [41℄ (see also [48℄), all stati solutions of the
SFC equations (and, onsequently,  of the GSE) for whih the singular lous is bound in
3D-spae (below we all them partile-like solutions [27℄) redue (up to 3D rotations and
translations) to the Kerr solution (8.2). If, however, one would remove requirement on a
solution to be stati and leave the lass of funtions (7.18) onsidered in [40℄, he an nd a lot
of time-dependent partile-like solutions with bound singularities of dierent dimensions,
temporal dynamis and spatial shapes.
In partiular, an axisymmetri solution of partile-like type generated by the funtion
Π = κ0κ1 + b2G2 = 0, b = Const, (8.4)
has been found in [39, 21℄. For real-valued b it desribes two point-like singularities with
elementary unlike harges +1/4 è −1/4 aomplishing a ounter hyperboli motion (i.e.,
uniformly aelerated). Eletromagneti eld of this solution
Eρ = ±
8b2ρz
∆3/2
, Ez = ∓
4b2M
∆3/2
, Hϕ = ±
8b2ρt
∆3/2
, (8.5)
orresponds to that of the well known Born solution. By this, the following notations are
used:
ρ2 = x2 + y2, s2 = t2 − z2, M = s2 + ρ2 + b2, ∆ =M2 − 4s2ρ2,
and the eld singularities are dened by the ondition ∆ = 0. For purely imaginary b =
ia, a ∈ R initially, at t = 0, one has an eletrially neutral ring-like singularity of radius a
whih in the ourse of time turns into an expanding torus. After the time passed t = |a|
singular lous transforms itself into a self-interseting torus represented at Fig.1.
Let us also mention here a partile-like solution whose singular lous is 8-shaped (at
initial moment), and a wave-like solution with helix-like singularity [27℄. The latter (obtained
from generating funtion more ompliated than the quadrati one) represents itself an
analogue of the eletromagneti wave in the algebrodynamial ontext.
If one gives up the ondition for generating funtion to be quadrati, he omes to a
wider lass of the GSE solutions and to orresponding solutions of Maxwell equations with
extremely ompliated struture of singular lous. In partiular, in [18, 20℄ a solution of suh
type has been presented whih desribes the proess of annihilation of a pair of oppositely
harged point-like singularities. We have also found therein a solution with a photon-like
singularity (in the form of a ouple of rossed rings) moving uniformly and retilinearly with
the speed of light.
11
However, reently in our work [59℄ it has been proved that the Kerr ongruene is unstable in the sense
that, under some small alteration of parameters of the generating funtion (8.1), the stati singular Kerr ring
transforms into the ring uniformly expanding and then irradiating to innity. Resolution of the instability
problem requires, perhaps, a transition to the novel ausal Minkowski geometry with phase, see disussion
in setion 9 below
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t=0
t>|a|
Figure 1: Shape of the singular lous for eletromagneti eld (8.5) of eletrially neutral
solution (8.4) at initial (t = 0) and nal (t > |a|) instants
Thus, in a purely algebrai way a wide lass of expliitly or impliitly given solutions of
free Maxwell equations with ompliated and omposite struture of point-like or extended
singularities has been obtained. Considerable part of these solutions has not been known
previously, and even their very existene has not been disussing. These solutions are well
dened everywhere exept the points at whih the eletromagneti eld strength turns to
innity. Lous of these singular points (at a given instant) may be 0-, 1- and even 2-
dimensional (as it takes plae for the ase of the torus-like singularity (8.5)); moreover, it may
dynamially hange its dimension (say, for the same solution (8.5)). However, for solutions of
general type, free of any type of symmetry, this singular lous is always one-dimensional and
onsists of a number of losed or innite urves (strings) [20℄. For solutions of partile-like
type singular lous is bound in the 3D physial spae.
Despite the initial vauumness of gauge equations arising from the struture of GSE,
the eld singularities dene spatial distribution and temporal dynamis of an eetive eld
soure at the points of whose loation the property of analytiity of solutions beomes broken.
Therefore, in ontrast to the ordinary approah where an initially posed soure denes its
own eletromagneti eld in the surrounding spae, in here presented oneption, on the
ontrary, almost everywhere analytial eld subjet to free Maxwell (Yang-Mills) equations
predetermines itself the loation of its singular soures. The onsidered solutions are well
dened in the whole innite spae-time exept at a singular set of zero measure. They are
obtained algebraially from an arbitrary generating funtion and do not require any initial
or boundary onditions.
Moreover, it appears to be impossible, generally, to redue this singular lous to a stan-
dard desription through its overing by a family of δ-shaped soure distributions, owing
to essential multi-valuedness of harged solutions of the Kerr type. Nonetheless, the whole
set of quantum numbers, the shape and dynamis of suh singularities are orretly de-
ned and quite nontrivial, this being related to the so alled hidden nonlinearity [51, 43℄ of
Maxwell (and Yang-Mills) equations in the framework of algebrodynamis, that is, to their
seondariness with respet to the nonlinear struture of the primary GSE (as integrability
onditions of the latter).
It is just the presene of master equations  the GSE  that ensures the existene of
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a number of seletion rules even for solutions of linear Maxwell equations, restritions on
admissible values of eletri harge among them, and results also in the breakdown of the
superposition priniple (sine, say, a sum of solutions satises the linear Maxwell equations
but quite not neessarily  the primary GSE itself!)
The over-determined primary GSE is, generally, not also invariant with respet to the
spatial reetions (and, perhaps,  to the time reversal) [23℄. These invarianes are restored
only at the level of onsequenes, integrability onditions of these primary equations, namely
 at the level of Maxwell, Yang-Mills and similar equations. Suh situation seems to be
exeptional in the eld theory and, on the other hand, is ompletely adequate with respet
to the observed physial reality. In seems to be even apable in priniple to desribe the
P-violation and the time irreversibility.
More detailed disussion of the status of singular partile-like solutions in the algebro-
dynamis the reader an nd in our works [23, 27, 58, 18℄.
9 B-indued omplex spae-time geometry and the ensemble of dublions
A beautiful representation of the solutions of SFC equations (and, onsequently,  of our
biquaternion-indued GSE) has been suggested in the works of E.T. Newman et al. [49, 52, 53℄
and developed later in the artile [50℄ and in a series of subsequent works of A.Ya. Burinskii
and of E.T. Newman with ollaborators. In this representation one onsiders a virtual
point-like harge moving along an arbitrary urve {zµ(τ)}, τ ∈ C in the omplexiation
of Minkowski spae CM. In this ase the trae of the omplex null (light-like) one of
the moving harge on the real Minkowski slie M of the full omplex spae forms there
a null ongruene of rays whih appears always to be shear-free.
The Kerr ongruene is only a simplest example of suh representation (for this ase,
the generating point soure is at rest at some point of imaginary (supplementary to M)
subspae of the full CM). The above presented solutions of the GSE and of orresponding
SFC an all be obtained from suh Newman's representation. On the other hand, these
examples demonstrate that for suh omplexied Lienard-Wiehert elds the struture of
singular lous an be very ompliated and onsists, generally, of a great number of one-
dimensional urves  strings.
In the algebrodynamial ontext omplexied Minkowski spae CM arises unavoidably
as the full vetor spae of the biquaternion algebra B. At the same time, the above used
proedure of restrition of oordinates to the real spae-timeM looks artiial and motivated
only by physial onsiderations. Indeed, this subspae does not even form a subalgebra in B
and is invariant neither under the B-automorphisms nor under the full group of symmetry
transformations (4.1).
On the other hand, the group of B-automorphisms SO(3,C) onsists of 6 real parameters
and is 2:1 isomorphi to the Lorentz group SO(3, 1). One does not know any other group with
properties like these. Quite reasonably, the algebra B and its symmetry group SO(3,C) have
been used in the works of A.P. Yefremov [54℄ for onstrution of the so alled quaternioni
theory of relativity in ontext of whih the invariant subspae C3 has been onsidered in
apaity of the primordial spae-time with three spae-like and three time-like oordinates. In
order to redue the three-dimensional time to physial one-dimensional time, some additional
23
requirements of orthogonality have been imposed.
From the author's viewpoint, suh exoti interpretation of the properties of biquater-
nion algebra is quite unneessary. The matter is that its invariant subspae C3 an be in a
natural way mapped into the ausal domain of the physial Minkowski spae-time equipped
with additional internal bre-like variables [55℄. Speially, the prinipal invariant of initial
omplex spae
σ = (z1)
2 + (z2)
2 + (z3)
2
(9.1)
an be separated into a non-ompat modulus-like and ompat phase-like parts. It is
just the rst part represented by the real-valued nonnegative invariant
S2 := σσ∗ ≥ 0, (9.2)
that predetermines the observable spatially extended physial maro-geometry. whereas
the seond phase part of invariant σ is pereived as dening the internal geometry of the
ber. By this, the most important result of the above ited paper onsists in the fat that
the positively denite (or null) SO(3,C)-invariant (9.2) an be identially represented in the
form of Minkowski-like interval:
S2 = σσ∗ ≡ T 2 − | ~X|2, (9.3)
where the real-valued quantities
T := (~z · ~z∗), ~X := i[~z × ~z∗] (9.4)
under the SO(3,C)-rotations transform respetively as the time and spae oordinates of the
Minkowski spae under the Lorentz-like transformations. In denition (9.4) parentheses and
square brakets denote the salar and vetor produt of 3D (omplex) vetors respetively.
Thus, one an really onsider the algebra of biquaternions B as the spae-time algebra,
and the Minkowski geometry is indued by this via the quadrati mapping of omplex oor-
dinates of the invariant subspae C3 of the full vetor spae of B into the internal, ausal
domain of the light one of M inluding its null boundary. In this onnetion, apart of the
positively denite Minkowski interval (!) (9.3) there arises another phase invariant of Lorentz
tramsformations (preisely, of SO(3,C)-rotations) that might turn to be losely related to
universal quantum properties of matter and to manifestations of quantum interferene in
partiular.
Aording to the here disussed notions, the true primordial dynamis of matter-like
formations (singularities, solitons et.) takes plae just in the initial omplex spae whereas
the observable, shadow-like dynamis  in the indued ausal Minkowski spae-time.
Suh approah makes it possible, in partiular, to suessfully realize the beautiful old idea
of Wheeler-Feynman about reprodution of eletrons from one sole eletron-germ.
Speially, let the point partile, in aord with the Newman's representation, moves
in CM along a trajetory {zµ(τ)}, τ ∈ C of general (suiently ompliated) form.
Then it an be shown [61℄ that any position of this partile will be stritly orrelated with
other its positions on its own world line. Preisely, this orrelation is established through
equal values of fundamental twistor eld of the null (omplex) ongruene generated by the
partile-soure and, orrespondingly,  through equation of the omplex null one.
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The situation strongly resembles the known proedure for the Lienard-Wiehert elds in
the framework of lassial eletrodynamis. However, in ontrast to the ase of real spae-
time, in omplex spae the light-like one equation always have a onsiderable (if not
innite) ountable number of roots. Consequently, a partile will see and reeive signals
from itself at dierent its loations on a unique trajetory. The arising set of idential yet
dierently loated and moving partiles has been named in our paper [61℄ the ensemble of
duplions.
Apart of the idea of duplions, the problem of omplex time unavoidably arises in the
ontext of omplex dynamis. It turns to relate to general oneption of physial time in
the algebrodynamial paradigm [60, 18, 61℄. Speially, to eah of the GSE solutions there
orresponds some shear-free null ongruene of rays (setion 7). This an be onsidered as
the basi element of the pattern of the World arising in the algebrodynamis, namely,  as
the ow of primordial light, the so alled Prelight ow [60, 18℄. In this onnetion, the whole
matter represented in the theory by partile-like singular formations of assoiated elds
appears as a set of austis or foal lines of the fundamental Prelight ow.
Returning now bak to the problem of time, let us note that on the real spae-timeM the
time oordinate plays the role of the parameter along the rays of fundamental ongruene
so that the dening property of time in this approah is the property of reprodution, of
preservation of the primordial twistor eld that takes plae along the ongruene rays (the
rays of time).
Speaking guratively, in the presented theory time manifests itself as an automorphism
of the primary eld. However, the eletromagneti and other assoiated elds expressible via
the derivatives of fundamental twistor eld are, of ourse, not preserved along the rays as
well as the austis-partiles themselves. Just this irumstane denes another fundamental
funtion of time that is related to the motion and variability of dierent forms of physial
matter.
Situation drastially hanges in omplex spae CM where the twistor eld is dened
up to a pair of arbitrary omplex parameters and remains onstant along the 2D omplex
planes [19, 61℄. If, however, one requires in addition the property of preservation of the
matter-like struture of austis, then only one omplex parameter remains free whih
thus an be interpreted as omplex time [61℄. Under this situation, however, there remains
indenite the suession of the ourrenes of events (of the states of the Universe), and
in absene of any grounds for its xing it is the most natural to regard the alterations of
omplex time as ompletely random (asual). Then the arising for the ensemble of duplions
stohastiity an, apparently, be losely onneted with quantum unertainty and quantum
theory in its Feynman's formulation in general. However, we are only oming to nd the
orret realization of these ideas.
10 Conlusion
In this artile we did not regard as our prinipal goal to present a novel eld model or a
powerful algebrai method to obtain new ompliated solutions of generally known equa-
tions of lassial eld theory. Instead we here attempted to suessively reveal the prop-
erties of the dierentiable (analytial) funtions of biquaternioni variable, that is, to de-
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velop a novel version of non-ommutative analysis. Nonetheless, general onditions of B-
dierentiability [10, 23, 24℄ redue to the generating system of equations (5.9) whih possesses
an innate gauge and 2-spinor (twistor) strutures and manifests remarkable onnetions with
the strutures and language generally aepted in the formalism of relativisti eld theory.
Essentially, it is suient to formulate only three priniple onjetures in order to phys-
ially interpret the initially abstrat mathematial sheme:
1) on the spae-time as a (real or invariant omplex) subspae of vetor spae of B-algebra,
2) on physial elds as dierentiable funtions of B-variable,
3) on partiles as (bound in 3D-spae) singularities of strengths (urvatures) of the gauge
and metrial elds diretly assoiated with the primary B-dierentiable funtions-elds.
From the physial viewpoint, the GSE may be onsidered as a rather spei system of
eld equations (nonlinear, non-Lagrangian, over-determined) for eetively oupled 2-spinor
and eletromagneti (Yang-Mills) elds so that equations for both are not postulated but
follow diretly from integrability onditions or ontrations of the GSE itself.
Twistor struture also arises in a quite natural, dynamial way in the ourse of inte-
gration of the GSE and makes it possible to obtain the whole set of its solutions as well as
those of equations for assoiated gauge elds in a perfetly simple algebrai way
12
.
Partiularly, from the algebrai Kerr equation (7.9) a wide lass of exat solutions of
linear Maxwell equations with spatially extended yet bound struture of singularities an
be diretly obtained. In this onnetion, ondition (7.10) plays the role of the equation of
motion for these partile-like formations and, at the same time, denes their harateristis
(quantum numbers) and spatial distribution, realizing thus the Einstein's oneption of
super-ausality [38℄.
In onsequene of tjhe breakdown of the superposition priniple for solutions of master
equations  the GSE  temporal evolution of suh partile-like objets simulates the proess
of physial interation whereas dynamial reonstrutions (bifurations) of the struture of
singular lous an be treated as transmutations of partiles, in partiular, as emission /
absorption proesses. All these proesses obviously manifest lose relationship to the theory
of singularities of dierentiable mappings and the atastrophe theory [36℄.
We also hope that at least a number of remarkable properties of the GSE an be inter-
esting in the general ontext of eld theory. Let us note here, in partiular:
1) an opportunity to extend the lass of physially important gauge eld models with a-
ount of the weak gauge symmetry (6.4) disovered for the GSE or using the exeptional
ane onnetions (6.5),(6.6) of Weyl-Cartan type;
2) a natural opportunity to obtain proper seletion rules for eletri harge, spin and other
physial harateristis starting from an over-determined system of eld equations of the
GSE type;
3) omplete algebraization of the primary PDE's for fundamental elds possessing twistor
struture;
4) possibility to dene the spatial distribution and the law of evolution of the eld singu-
larities without expliit resolution of the eld equations themselves (but using instead the
12
Note that in the Penrose's twistor approah [19, 30℄ in order to obtain the solutions of wave-like (massless)
equations it is suient to arry out an integration in twistor spae; as to the presented sheme, even suh
integration is redundant therein
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algebrai method of elimination of the prinipal eld G(X) from the joint system of equations
(7.9) è (7.10)).
One may imagine himself at least three possible points of view on the meaning of alge-
brai strutures presented in this artile and on the fundamental GSE in partiular: as on a
beautiful mathematial toy, on a powerful method to obtain the solutions of the familiar
eld equations or, nally, as on a fundamental dynamial system of equations primary with
respet to generally aepted Lagrangian strutures. In this onnetion, the onstrution of
lassial dynamis on the base of over-determined systems like GSE requires also quite new
methods of quantization. On the other hand, at this point one an try to explain quantum
properties as a whole via, say, the stohasti behaviour of an ensemble of partile-like eld
objets (dublions, solitons, et.) or invoking other yet purely lassial and algebrai in
nature methods and ideas.
In any ase, in order to nd a orret approah to quantization and to explanation of
quantum properties of matter in general, it is neessary at the beginning to arefully study
the properties of lassial solutions on the bakground of ordinary Minkowski spae-time
and on the phase extension of the Minkowski geometry" diretly indued by the internal
properties of the B-algebra and briey onsidered in the last setion. We think that just the
underlying omplex geometry an atually turn to be the true pregeometry of physial spae-
time and, moreover, be responsible for universal quantum properties of matter and quantum
unertainty in partiular (in general ontext of an initially lassial and deterministi theory).
To onlude, the already disovered properties of the B-dierentiable funtions-elds
and numerous geometrophysial strutures they give rise to, looks like so unusually and, on
the other hand, to suh a great extent orrelate with models and mathematial formalism
of theoretial physis that fore ourselves to ponder over possible numerial origin of funda-
mental laws of nature [60, 62℄ and to turn again, at the modern mathematial and physial
level of omprehension, to the anient philosophy of Pythagor, Plato and their followers.
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